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Abstrat
We suggest a twisted version of the ategorial MKay orrespondene and prove
several results related to it.
1 Introdution
The original MKay orrespondene starts with a nite subgroup G ⊂ SL(2,C) and
its natural linear ation on C
2
. It turns out that the singular quotient C
2/G admits a
unique resolution X → C2/G with trivial anonial lass, and that the ohomology of X
has a basis labeled by irreduible representations of G. Its generalization assumes that
a nite group G be ats on a smooth irreduible variety U over C in suh a way that
(i) for any g ∈ G the odimension of the xed point set Ug is ≥ 2,
(ii) the G-ation preserves the anonial bundle of U , and
(iii) the quotient U/G admits a repant resolution X .
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Then the ohomology of X has the same dimension as the orbifold ohomology groups
H•orb(U ;G), see [CR℄ for denition of orbifold ohomology and [LP℄, [Y℄ for the proof of
the assertion.
A more general ategorial version of the MKay orrespondene, still largely on-
jetural, states that in this situation there is an equivalene
DbG(U)→ D
b(X)
of the bounded derived ategory ofG-equivariant oherent sheaves on U and the bounded
derived ategory of oherent sheaves onX . As explained in [Ba℄, one suh equivalene is
established, one an apply the yli homology onstrution and obtain an isomorphism
of Z2-graded vetor spaes
H•orb(U ;G) ≃ H
•(X)
reovering the usual (i.e., homologial) MKay orrespondene.
The goal of this paper is to desribe a onjetural twisted" version of the ategorial
MKay orrespondene. On one hand, given a lass α ∈ H2(G,C∗) one an dene
the twisted equivariant derived ategory DbG,α(U) and the twisted orbifold ohomology
H•orb,α(U ;G), f. [AR℄, [VW℄ and Setion 2 of this paper. On the other hand, if A is
an Azumaya algebra on X , f. [Gr℄, then we have the orresponding derived ategory
Db(X,A) and its (o)homology theory H•(X,A). One might therefore ask the following
Question. In the above situation, when are the twisted derived ategories equivalent
(resp. their homology groups isomorphi)?
By a standard onstrution reviewed in Setion 2 any lass α does dene a natural
Azumaya algebra Aα on a dense open subset X0 ⊂ X . Our rst result desribes when
the lass of Aα in the ohomologial Brauer group Br(X0) = H
2
e´t(X0,O
∗), f. [Gr℄,
extends to X . After proving in Setion 3 that Br(X) is the same for all resolutions of
U/G (not neessarily repant) we expliitly desribe a subgroup BG(U) ⊂ H
2(G,C∗)
(here we use the notation of [Bo2℄) whih ts into a ommutative diagram
Br(X) ⊂ Br(X0)
∪ ∪
BG(U) ⊂ H
2(G,C∗)
In the important ase when U is a vetor spae with a linear G-ation one has BG(U) =
Br(X). Our proof follows rather losely the projetive ase onsidered in [Bo2℄. Even
though it is still an open question, see [Gr℄, whether or not the ohomologial Brauer
group desribes Azumaya algebras up to equivalene, by Setion 4 of [Ca℄ any lass
β ∈ Br(X) still leads to a twisted derived ategory Db(X, β) (when β does ome from
an Azumaya algebra A, this is equivalent to the ategory of A-modules). This leads to
the following
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Conjeture (twisted MKay orrespondene) In the situation desribed above, let α ∈
BG(U). Then there exists a derived equivalene
DbG,α(U)→ D
b(X,α)
When the G-ation is free, we have BG(U) = H
2(G,C∗) and the above equivalene
immediately follows from denitions. In Setion 4 we give an example of a less trivial
ase.
In Setion 5 we onsider the ohomologial onsequene of the twisted MKay orre-
spondene. It turns out that, in harateristi zero, the homology of Db(X,α) is simply
H•(X). For ane X this was proved essentially by Weibel and Cortiñas, f. [CW℄, and
in Theorem 4 we dedue the general ase from their result. On the other hand, general-
izing [Ba℄ we also prove in Theorem 5 that the homology of DbG,α(X) an be identied
with the twisted orbifold homology H•α(U ;G) desribed in [VW℄. Sine the denition of
BG(U) implies that for α ∈ BG(U) one has a vetor spae isomorphism
H•α(U,G) ≃ H
•(U ;G),
the twisted MKay orrespondene on homologial level simply redues to the untwisted
version (not very exiting, but it is hard to expet anything else sine the Brauer group
aptures only torsion information). It is quite possible that homology with nite oe-
ients an give something dierent in the twisted ase, but we do not pursue this topi
here.
Finally, in Setion 6 we disuss some related open problems.
Remark. Perhaps it is appropriate to mention here two more versions of the ohomo-
logial Brauer group:
(i) the analyti Brauer group Bran(X) = H
2
an(X,O
∗
an), and
(ii) the topologial Brauer group Brtop(X) = H
3(X,Z)tors.
One an show that Br(X) = Bran(X)tors for all X , and that Br(X) ≃ Brtop(X) when-
ever H2an(X,Oan) = 0.
Aknowledgements. We are grateful to Fedor Bogomolov and Helena Kauppila for
the useful onversations.
2 Projetive oyles and twisted derived ategories
A nite abelian group A whih an be generated by (at most) two elements is alled
biyli. Thus, either A is itself yli, or it is isomorphi to a produt of two yli
groups.
The next theorem deals with the Shur multiplierH2(A,C∗) of A in the seond ase.
We assume that 2-oyles are normalized: c(1, g) = c(g, 1) = 1.
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Theorem 1. Let A ≃ C1 × C2 with C1, C2 yli. Then
(a) H2(A,C∗) = Hom(C1 ⊗Z C2,C
∗);
(b) A 2-oyle c : A× A→ C∗ is a oboundary i c(g, h) = c(h, g) for all g, h ∈ A.
Proof. Part (a) follows from the general results in in [Ka℄. The only if" part in (b)
follows from the denition of a oboundary and the fat that A is abelian. To prove
the if" part note that the symmetry ondition is preserved if we adjust a oyle by
a oboundary, and by part (a) this adjustment an be made in suh a way that the
value of c(g, h) will depend only on the image of g in C1 and the image of h in C2. By
symmetry suh a oyle is trivial. 
Let G be a nite group ating on an ane variety U = Spec(R). Fix a 2-oyle
c : G × G → C∗ representing a lass in H2(G,C∗). The twisted group algebra Rc[G] is
the set of all linear ombinations
∑
g∈G rg · g with the multipliation rule
(r1 · g1) ∗ (r2 · g2) = c(g1, g2)(r1g1(r2) · g1g2)
The oyle ondition for c is equivalent to assoiativity of Rc[G]. Up to isomorphism,
Rc[G] depends only on the lass α of c in H2(G,C∗), hene we an (and will) denote it
by Rα[G]. Sine c is normalized, 1 ∈ R gives a unity in Rc[G].
Note further that Rc[G] is naturally an algebra over the ring of invariants RG. More-
over, if the G-ation is free, Rc[G] gives an Azumaya algebra over RG. Loalizing this
onstrution, for any G ating freely on a quasiprojetive variety U , and any lass
α ∈ H2(G,C∗) we get an Azumaya algebra Aα on U/G (dened up to isomorphism).
In general, let U0 ⊂ U be the open subset on whih the ation is free. For any
resolution of singularities X → U/G denote by X0 the preimage of U0/G. Then by
pullbak our onstrution gives an Azumaya algebra Aα on X0 for any α ∈ H
2(G,C∗).
3 The Brauer group of a resolution
In this paper a valuation will always mean a disrete rank one valuation. All varieties
are over the eld of omplex numbers C. Let Y be a redued irreduible variety with
eld of rational funtions K, and denote by S(Y ) be set of all valuations of K whih
beome divisorial on some resolution Z → Y (i.e., the orresponding map v : K∗ → Z
simply omputes the order of a rational funtion along a xed prime divisor on Z). If
Y is proper S(Y ) is the set of all valuations, and when Y = Spec R is ane and normal
S(Y ) is the set of valuations v suh that R ⊂ Ov ⊂ K, where Ov = v
−1(Z≥0). The next
result laries the role of S(Y ) in the omputation of the ohomologial Brauer group
Br(X) = H2e´t(X,O
∗). We send the interested reader to [Gr℄ for the relation of Br(X)
and the group of equivalene lasses of Azumaya algebras. Note that in [Gr℄ our group
Br(X) is denoted by Br′(X).
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Theorem 2. If X → Y is a resolution of singularities, then
Br(X) =
⋂
v∈S(Y )
Br(Ov) ⊂ Br(K)
In partiular, the Brauer group does not depend on the hoie of X. Moreover, one X
is xed, in the above intersetion it sues to onsider only the divisorial valuations of
X.
Proof. Let α ∈ Br(X) and let D ⊂ Z be a prime divisor on some resolution Z,
giving a valuation v. After removing a odimension 2 subset Z ′ ⊂ Z we an onstrut
a regular birational map Z \ Z ′ → X . The pullbak of α gives a lass in Br(Z \ Z ′).
Loalizing at D we get α ∈ Br(Ov).
Now let α be a lass in the right hand side of the formula. There exists an ane
U0 ⊂ X suh that α ⊂ Br(U0). Let D1, . . . , Dr be the irreduible omponents of X \U0
and v1, . . . , vr the orresponding valuations. Sine α ∈ Br(Ovi) for all i, there exist ane
open subsets Ui suh that Ui ∩ Di 6= ∅ and α ∈ Br(Ui). Therefore α ∈ Br(
⋃r
i=0 Ui)
whih is equal to Br(X) by the Purity Theorem, f. [Gr℄, sine X \ (
⋃r
i=0 Ui) has
odimension at most 2 in X . The same argument shows that the divisorial valuations
of X are suient to dene Br(X). 
Let G be a nite group ating on a smooth variety U almost freely (i.e., the ation is
free on some open dense subset U0 ⊂ U). If L = C(U) is the eld of rational funtions
on U , then K = C(U/G) an be anonially identied with LG.
By Hilbert Theorem 90 we have an exat sequene
1→ H2(G,C∗)→ Br(K)→ Br(L).
In terms of the previous setion, a lass α ∈ H2(G,C∗) gives an Azumaya K-algebra
Lα[G], whih has a lass in the ohomologial Brauer group Br(K). Sine the Brauer
group of U0/G (resp. U0) is a subgroup of Br(K) (resp. Br(L)) we atually have an
exat sequene
1→ H2(G,C∗)→ Br(U0/G)→ Br(U0).
Again, a lass α maps to the lass representing the Azumaya algebra Aα dened in
the previous setion. By the previous result, the Brauer group Br(X) of a resolution
X → U/G does not depend on the hoie of X . We an assume that X → U/G is
an isomorphism over U0/G, then Br(X) naturally beomes a subgroup of Br(U0/G).
Denote
BG(U) = B(X) ∩H
2(G,C∗).
The next theorem gives a diret omputation of BG(U) in terms of xed point subvari-
eties of G in U . Its proof is an adaptation of [Bo2℄ to our (possibly) non-ompat ase.
We say that a biyli subgroup A ⊂ G ats ylially on a subvariety U ′ ⊂ U if U ′ is
A-invariant and A ats on U ′ via some yli quotient of A.
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Theorem 3. Let G be a nite with an almost free ation on a smooth variety U
BG(U) =
⋂
A⊂G
Ker(H2(G,C∗)→ H2(A,C∗))
where the intersetion is taken over all biyli subgroups A whih at ylially on a
losed irreduible subvariety U ′ ⊂ U .
Proof. Let v ∈ S(U/G) be a divisorial valuation of K. Assoiated to v, and the
extension K = LG ⊂ L, is the deomposition subgroup Dv ⊂ G and its inertia subgroup
Iv, f. [Se℄. In harateristi zero Iv is yli and entral in Dv. Take α ∈ H
2(G,C∗) ⊂
Br(K), then α ∈ Br(Ov) i the restrition α|Dv is indued from the quotientGv = Dv/Iv
(f. proof of Theorem 1.3' in [Bo2℄). To restate this ondition note that H2(Iv,C
∗) = 0
sine Iv is yli; so by Hohshild-Serre we have an exat sequene
H2(Gv,C
∗)→ H2(Dv,C
∗)→ Hom(Gv, Hom(Iv,C
∗))
(any oyle Dv × Dv → C
∗
after possible adjustment by a oboundary desends to
Gv ×Dv → C
∗
, and then the seond arrow restrits it to Gv × Iv).
Next we redue to the ase when G and A are p-groups. Suppose the assertion is known
for all Sylow subgroups Gp ⊂ G. Given a biyli subgroup A as in the theorem and an
element α ∈ BG(U) we an nd a diagram of resolutions
Xp → X
↓ ↓
U/Gp → U/G
and dedue that α|Gp ∈ BGp(U) for all p. Writing A =
⊕
pAp we immediately onlude
that α|Ap = 0 beause all Ap also at ylially and eah Ap is onjugate to a subgroup
of Gp (reall that onjugation ats trivially on ohomology). Sine
H2(A,C∗) =
⊕
p
H2(Ap,C
∗),
this means that α|A = 0, as required.
In the other diretion, if α /∈ BG(U) there is a valuation v ∈ S(U/G) suh that α
gives a nonzero element of Hom(Gv, Hom(Iv,C
∗)). Taking the p-omponents, we nd
a Sylow subgroup Gp ⊂ G and an extension vp of v to L
Gp
suh that α|Gp /∈ Br(Ovp),
thus α /∈ BGp(U). If the theorem is known for p-groups, there exists a biyli p-group
Ap = A ating ylially on some U
′
, for whih α|A 6= 0.
Next we show that
α ∈ BG(U)⇔ α|A = 0 for all A ∈ Bic(G,U)
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where Bic(G,U) is the set of all biyli A ⊂ G, suh that for some v ∈ S(U/G) one
has A ⊂ Dv and the image of A in Gv = Dv/Iv is yli. (At this step we will not
use the p-group assumption.) If α|Dv maps to zero in Hom(Gv, Hom(Iv,C
∗)), then α|A
maps to zero in Hom(A/A ∩ Iv, Hom(A ∩ Iv,C
∗)). Sine both A ∩ Iv and A/A ∩ Iv
are yli, H2(A,C∗) is a subgroup of the latter group, thus α|A = 0. On the other
hand, if α /∈ Br(Ov), then we nd a yli subgroup C ⊂ Gv whih has nonzero image
in Hom(Iv,C
∗). The preimage of C in Dv is a biyli subgroup A ⊂ Dv satisfying
α|A 6= 0.
It remains to show that for a biyli p-subgroup A of a p-groupG the following onditions
are equivalent:
(i) A ats ylially on a losed irreduible subvariety U ′ ⊂ U , and
(ii) for some v ∈ S(U/G) we have A ⊂ Dv ⊂ G and A/A ∩ Iv is yli.
To prove (ii) ⇒ (i) hoose a resolution Z → U/G and a prime divisor D orresponding
to v. There exists a G-equivariant birational map Y → U with smooth Y , and a
ommutative diagram
Y → Z
↓ ↓
U → U/G
Let D′ be the preimage of the divisor D and D′′ ⊂ Y an irreduible omponent whih
dominates D. Then D′′ is A-invariant (sine A ⊂ Dv) and A ats on D
′′
via a yli
quotient (sine A/A ∩ Iv is yli). The image U
′
of D′′ in U is a losed irreduible
subvariety on whih A ats ylially.
To prove (i) ⇒ (ii) rst assume that U ′ ⊂ U has odimension 1. Let D be the image
of U ′ in U/G. Sine U/G is non-singular in odimension 1, we an nd a resolution
X ′ → U/G suh that the preimage D′ of D in X ′ is an irreduible divisor. The valuation
v orresponding to D′ learly satises the onditions of (ii).
In general, hoose a loally losed smooth G-invariant subvariety V ⊂ U suh that
V ′ = U ′ ∩ V ⊂ V
is irreduible of odimension 1 and the generi orbit of A on V is free. By the earlier
part of this proof and the odimension 1 ase we get BA(V ) = 0. Finding a diagram of
resolutions
Z → X
↓ ↓
V/A →֒ U/A
we onlude that every non-zero γ ∈ H2(A,C∗) ⊂ Br(K) is not in the image ofBr(X)→
Br(K), otherwise by applying pullbak Br(X) → Br(Z) we would get a ontradition
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with γ /∈ BA(U). Therefore BA(X) = 0. In partiular, take γ to be an element of order
p in H2(A,C∗) ≃ Z/pkZ. By the earlier part of the proof, there is a biyli subgroup
A′ ⊂ A and a valuation v of LA suh that A′ ⊂ Dv, and A
′/Iv ⊂ A
′
is yli while
γ|A′ 6= 0. However, sine γ vanishes when restrited to any proper subgroup of A (this is
where we nally use the p-group assumption), we must have A′ = Dv = A. Restriting
v from LA to LG (and possibly dividing v|LG : (L
G)∗ → Z by an integer to make it
surjetive), we get a valuation satisfying (ii), nishing the proof. 
4 An example
Consider an almost free ation of G on a vetor spae V and assume that for all g ∈ G
we have codim V g ≥ 2. Take U to be the omplement of a G-invariant losed subset
Z of odimension ≥ 2. Then Pic(U) = 0, Br(U) = 0 hene the Brauer group of any
resolution X → U/G is equal to the subgroup BG(U) ⊂ H
2(G,C∗). We an further
identify this as follows:
BG(U) = {α ∈ H
2(G,C∗)| α(g, h) = α(h, g) whenever Ug 6= ∅ and gh = hg}.
Note that the ondition on the right hand side is preserved when a oyle is multiplied
by a oboundary. For instane, when U = U0 is the subset of all vetors in V with trivial
stabilizers, we have BG(U) = H
2(G,C∗); when U = V we get the subgroup B0(G) of
lasses in H2(G,C∗) whih restrit to zero on any abelian subgroup of G. This subgroup,
known as unramied ohomology of G, was studied extensively in [Bo1℄. Observe, that
B0(G) does not depend on the hoie of V - it is simply the group formed by lasses
whih vanish when restrited to any abelian subgroup.
Groups with B0(G) 6= 0 are relatively rare and the ondition that V/G admits a
repant resolution puts a further restrition on the pair (V,G) (see the last setion of
this paper). However, it is relatively easy to nd a a group G with B0(G) 6= 0 and an
open subset U in a representation V suh that U/G is not smooth but admits a repant
resolution (we will automatially have BG(U) 6= 0 sine it ontains B0(G) 6= 0 as a
subgroup). We now proeed to desribe suh an example.
Let p be a prime and onsider a entral extension of the form
1→ Z3p → G→ Z
4
p → 1
If (a, b, c) is the basis of Z3p and (x1, x2, x3, x4) a lift of a basis from Z
4
p to G, it was
proved in [Bo1℄ (f. Example 3 before Lemma 5.5) that the relations
[x1, x2] = [x3, x4] = a; [x1, x3] = [x1, x4] = 1; [x2, x4] = b; [x2, x3] = c
(where [x, y] = xyx−1y−1), imply that B0(G) ≃ Zp. To desribe an exat representation
of G let ε = exp(2pii
p
) and hoose a pair of p×p matries P,Q suh that [P,G] = εI. For
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p = 2 we an take the Pauli matries
P =
(
0 1
−1 0
)
, Q =
(
0 i
i 0
)
;
for odd p we an take P to be the operator whih permutes the basis vetors (v1, . . . , vp)
ylially: vi 7→ vi+1 for i = 1, . . . , p − 1, and vp 7→ v1; while Q is the diagonal matrix
diag(1, ε, ε2, . . . , εp−1).
Let V ≃ Cp
2+2p = (Cp ⊗ Cp)⊕ Cp ⊕ Cp be the representation given by
x1 7→ (P ⊗ I)⊕ I ⊕ I; x2 7→ (Q⊗ I)⊕ P ⊕ P
x3 7→ (I ⊗ P )⊕ I ⊕Q; x4 7→ (1⊗Q)⊕Q⊕ I
a 7→ ε(I ⊗ I)⊕ I ⊕ I; b 7→ (I ⊗ I)⊕ εI ⊕ I; c 7→ (I ⊗ I)⊕ I ⊕ εI
One an hek diretly, that non-salar elements in the group H1 of order p
3
generated
by (P,Q) all have p distit eigenvetors with eigenvalues 1, ε, . . . , εp−1. For eah of these
eigenvetors, the stabilizer in H1 is isomorphi to Zp.
Simlarly, all non-salar elements H2 in the group of order p
5
generated by (P⊗1, Q⊗
1, 1 ⊗ P, 1 ⊗ Q) have p eigenspaes of dimension p, with the same eigenvalues. Again,
eah of the eigenspaes has stabilizer in H2 whih is isomorphi to Zp.
It follows, that for eah g ∈ G the xed point subspae V g has odimension ≥ p and
for odd p the odimension p xed subspaes are preisely V b = (Cp ⊗ Cp)⊕Cp ⊕ 0 and
V c = (Cp ⊗ Cp) ⊕ 0 ⊕ Cp. For p = 2 in addition to V b and V c one also has the xed
point subspae V x1 = V ′ ⊕ C2 ⊕ C2 where V ′ is the (+1)-eigenspae of P ⊗ 1.
To desribe a G-invariant open subset U ⊂ V let Z be the union of those xed
point subspaes V g whih have odimension ≥ (p + 1). Dene U = V ⊂ Z, then the
singularities of U/G are the images of V b, V c (and V x1 if p = 2). A single anonial
blowup gives a repant resolution X → U/G. By the Purity Theorem, f. [Gr℄, and
codim Z ≥ 2 we onlude that Br(X) = BG(U) and this group is non-zero sine it
ontains the subgroup B0(G) ≃ Zp.
Further similar examples an be obtained with other nite p-groups listed in [Bo1℄.
5 Homology of ategories
Even if the G-ation on U is not free, for every G-invariant ane open subset U ′ ⊂ U
with algebra of funtions R we an still onsider Rα[G], f. Setion 2, and modules
over this algebra. Loalizing at G-invariant ane open subsets of U we get a notion
of an α-twisted equivariant sheaf F : this is a sheaf of O-modules on U suh that for
any G-invariant open subset V ⊂ U , the group F(V ) is equipped with an O(V )α[G]-
module struture, and for dierent invariant open subsets suh strutures agree with
restrition of setions. Morphisms of α-twisted equivariant sheaves are given by those
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morphisms ofO-modules whih ommute with theO(V )α[G]-ation for every G-invariant
V . Considering the bounded omplexes of oherent α-twisted equivariant sheaves and
loalizing at quasi-isomorphisms we get the bounded derived ategory DbG,α(U) of α-
twisted G-equivariant sheaves on U .
Alternatively, denote by the same letter α a oyle representing the ohomology
lass. There exists a entral group extension
1→ Zn → G˜
pi
→ G→ 1
and a harater ψ : Zn → C
∗
suh that α(g, h) = ψ(g˜h˜g˜h
−1
), where g˜, et. denotes
some lift of g ∈ G to G˜. The group G˜ ats on U via its homomorphism to G. Sine the
subgroup Zn ⊂ G˜ ats trivially on U , the stalk of a G˜-equivariant sheaf on U at any point
has a natural struture of a Zn-module. The derived ategory of equivariant sheaves
Db
G˜
(U) splits into orthogonal diret sum of subategories orresponding to dierent
haraters of Zn. It follows from the above denition that D
b
G,α(U) is equivalent to the
subategory of Db
G˜
(U) orresponding to the harater ψ. For ane U this redues to
the statement that Rα[G] is isomorphi to a quotient of R[G˜] by the ideal J generated
by (t− ψ(t)1) with t ∈ Zn.
If now α ∈ Br(X) and α orresponds to an Azumaya algebra A on X we dene
Db(X,α) to be the bounded derived ategory of nitely generated modules over A. If α
does not ome from an Azumaya algebra (whih should never happen, by a onjeture
due to Grothendiek), we an apply the onstrution in Setion 4 of [Ca℄ and still get a
derived ategory Db(X,α).
Suppose that we have a derived equivalene
DbG,α(U) ≃ D
b(X,α) (1)
By a onstrution explained in [Ke℄ both derived ategories have a series of homologial
invariants, inluding
(i) Hohshild homology HH∗,
(ii) yli homology HC∗,
(iii) periodi yli homology HP∗, and
(iv) negative yli homology HN∗.
We denote by H any of these homology theories.
Sine the derived equivalene indued an isomorphism of homologial invariants, f.
[Ke℄, (under an additional assumption, always satised in a geometri situation suh as
ours), the above equivalene (1) should imply an isomorphism of homology.
Let Hα(X) be the homology of Db(X,α) and HαG(U) the homology of D
b
G,α(U). For
α = 0 we drop the supersript α. First, we show that the deniton of Hα(X) does not
give anything new.
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Theorem 4. The natural inlusion of algebras O → A indues an isomorphism H(X) ≃
Hα(X).
Proof. In sues to prove the laim for Hohshid homology (H = HH∗), the other
ases being a onsequene by Proposition 2.4 of [GJ℄.
In the ane ase the derived ategory homology oinides with the usual Hohshild
homology of rings, hene the result is proved in [CW℄.
In general, we over X with ane open subsets {Ui}i∈I and reall that by a result
of Gabber α|Ui does ome from an Azumaya algebra. Therefore, applying the Mayer-
Vietoris sequene and Noetherian indution we nish as in Proposition 3.3 in [Ba℄. 
The omputation of HαG(U) is given by a theorem parallel to Theorem 7.4 in [AR℄. For
any g ∈ G denote by Zg the entralizer of g and observe that the xed point subvariety
Ug is Zg-invariant. Following [AR℄ we denote by L
α
g the one dimensional representation
of Zg on whih h ∈ Zg ats by α(g, h)α(h, g)
−1
.
Theorem 5. Let U be a smooth omplex variety with an ation of a nite group G and
let α ∈ H2(G,C∗). Then
HαG(U) =
⊕
(g)
(
H(Ug)⊗ Lαg
)Zg
where the sum is taken over all onjugay lasses of G.
Proof. Let G˜, π and ψ be as in the beginning of this setion. By the main result of [Ba℄
the homology of Db
G˜
(U) an be identied with
(⊕
f∈G˜
H(Uf)
)G˜
where an element t ∈ G˜
sends Uf to U tft
−1
induing an ation on homology. Sine the derived ategory Db
G˜
(U)
splits into orthogonal diret sum of subategories labeled by haraters of Zn ⊂ G˜, we
just have to extrat from the above expression the omponent orresponding to ψ.
It follows from Step 2 after the proof of Proposition 3.2 in [Ba℄, that the indued
Zn-ation on
⊕
f∈G˜H(U
f) an be desribe as follows: an element h ∈ Zn sends H(U
f)
to H(Uhf) (both xed point spaes are the same, but h permutes dierent opies of the
same homology group in the diret sum). Sine Zn is entral in G˜ and ats trivially on
U , this ation ommutes with the earlier G˜-ation.
To ompute the omponent of ψ in
(⊕
f∈G˜
H(Uf)
)G˜
we split the diret sum by
grouping together those f whih map to the same onjugay lass in G. For a onjugay
lass C ⊂ G onsider
WC =
⊕
pi(f)∈C
H(Uf)
Denote Z˜g = π
−1(Zg) ⊂ G˜, then the G˜-module WC is indued from the Z˜g-module
Wg =
⊕
pi(f)=g
H(Uf ).
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As a Zn-module the latter spae is just a multiple of the regular representation of Zn.
By denition of G˜ the omponent of ψ in the latter sum, viewed as a Zg-module, is
simply H(Ug)⊗Lαg . Taking the invariants and summing over all onjugay lasses of G
we obtain the right hand side of the formula stated in the Theorem. 
In our last result we speialize to periodi yli homology, whih is equal to the usual
topologial ohomology by a result of Feigin-Tsygan, f. [FT℄. This result provides an
indiret onrmation of the twisted MKay orrespondene onjetured in this paper.
Corollary 6. Let X → U/G be a repant resolution. For any α ∈ BG(U) the derived
ategories Db(X,α) and DbG,α have periodi yli homology of the same dimension.
Proof. One one hand, any homology theory of Db(X,α) is isomorphi to that of
Db(X). On the other hand, by denition of BG(U) the harater L
α
g vanishes whenever
Ug is non-empty. Therefore the previous theorem implies that also DbG,α(U) and D
b
G(U)
have the same yli homology theories. Applying periodi yli homology to DbG(U),
resp. Db(X), we get orbifold ohomology of U , resp. usual ohomology of X . But these
have the same dimension by [LP℄, [Y℄. 
6 Open problems
In onlusion we state the following open problems:
(i) If would be interesting to onstrut an example of a nite G with a linear ation
on a vetor spae V , suh that BG(V ) = B0(V ) 6= 0 and V/G admits a repant
resolution. Suh examples should be relatively rare; for instane the standard
sympleti example V = W ⊕W ∗ will denitely not work, for in this ase V/G
admits a repant resolution i G ats on W by omplex reetions whih implies
B0(G) = 0 (this is beause B0(G) does not depend on the hoie of V and W/G
is isomorphi to an ane spae).
(ii) The seond problem refers to the subgroup BG(U) ⊂ H
2(G,C∗). Assume for
simpliity that Br(U) = 0 then Br(X) = BG(U) for any resolution X → U/G.
Is it possible, however, to dene a derived Brauer group" purely in terms of the
(enhaned) derived ategory Db(X), whih would give the full Shur multiplier
H2(G,C∗) in this ase, and in general ontain Br(X) as a subgroup? We ask this
question by analogy with the derived Piard group, whih is a natural extension of
the usual Piard group. The Merkurjev-Suslin Theorem suggests that some answer
may perhaps be obtained from K2 but for pratial purposes it should be more
omputable than K2.
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(iii) The third problem is related to the above two. Suppose we have an ation of G on
a vetor spae V and V/G admits a repant resolution X . As we have seen in this
paper, not all Brauer lasses of C(V )G extend to X . For example, when G = SN
is the symmetri group ating of V = (C2)⊕n, the Hilbert sheme Hilbn(C2) of
points on C2 provides a repant resolution of V/G and it is easy to hek that
Br(Hilbn(C2)) = 0. In general, if α ∈ H2(G,C∗) \ B0(G) it would be interesting
to nd an interpretation of the orbifold ohomology H∗G,α(V ) in terms of X . To
restate the same question: what type of geometri objets on X will orrespond
to projetive representations of G?
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